A polarimeter architecture is presented based on a birefringent grating displayed onto a parallel-aligned liquid crystal (LC) on silicon display (PAL-LCoS). The system is compact and flexible, since the size of the image can be adjusted by means of the period of the grating. The LCoS grating permits simultaneously measuring two orthogonal states of polarization (SOPs). By adding a wave plate, different couples of orthogonal SOPs can be detected. First, a basic proof of concept is presented using one quarter-wave and one half-wave plate with fixed retardances, which permit measuring the six SOPs classically used in polarimetry (linear states at 0°, 45°, 90°, and 135°, and R and L circular states). Next, the system is made fully programmable by incorporating a variable LC retarder (LCR). The LCR orientation and retardance values are optimized by means of the condition number indicator, in order to provide equivalent optimal accuracy. Experimental results of calibration images and test images are presented, showing the potentials of this architecture.
Introduction
Polarimetry is a fundamental tool in current optical technology [1] . Whereas beam polarimetry permits the determination of the state of polarization (SOP) of a light beam, image polarimetry is employed when SOP measurements are required all over an image. In both cases, Stokes polarimetry is achieved by obtaining a set of irradiance measurements corresponding to projections of the input SOP onto different states defined by the polarization state detector (PSD). Mueller polarimetry refers to techniques where not only light is analyzed, but also a sample that modifies the SOP. In this case, different SOPs are used to illuminate the sample, and the emerging SOP must be determined in each case. Multiple polarimetric techniques have been proposed, with many different features [2] .
On the other hand, liquid-crystal (LC) modulators are devices based on a mature optoelectronic technology, widely available and very useful for real-time control of polarized light [3] . Thus, LC technology is becoming extensively used to substitute polarizing elements that require mechanical control. This helps to avoid moving elements in optical systems, thereby alleviating alignment procedures and thus producing automatic polarimeters [4] . Single-cell LC modulators are being used commonly in polarimetric systems [5] [6] [7] [8] [9] [10] . Additionally, LC spatial light modulators (SLMs) are pixelated displays with enough spatial resolution to reproduce diffractive optical elements and com-puter-generated holograms. In particular, since LCSLMs act as pixelated and programmable birefringent elements, they can be used for the implementation of the so-called polarization diffraction gratings [11] . These are diffraction gratings based on spatially periodic SOP modification, and produce diffraction orders with specific and different SOP content, therefore having been proposed for polarimetric measurements [12] .
In this paper, a fully programmable polarimeter optical system is presented that combines these two features of LC technology. First, one particular type of polarization grating, a birefringent blaze grating, is displayed onto a parallel aligned (PAL) LC on silicon (LCoS)-SLM, to act as a programmable polarizing beam splitter (PBS). Such a type of polarization grating is presented in Ref. [13] and, in combination with external wave plates (WPs), was proven to be a potential tool for polarimetric analysis. Such an LCoS-based PBS is employed here to split the incoming beam into two beams, which then project two orthogonal SOPs. Second, an LC retarder (LCR), i.e., a linear retarder with variable retardance controlled via an applied voltage, is used here as the external WP to modify the SOP of the incoming light. This permits changing the two orthogonal SOPs that are projected by the LCoS-PBS.
Three main novel features are presented in this work. First, the original birefringent blazed grating introduced in Ref. [13] is now adapted to a reflective architecture required by the use of an LCoS-SLM (the LC display employed in [13] was a transmissive PAL display). Therefore, the system can be compacted, although there are fewer degrees of freedom since the same external WP placed in front of the SLM is also acting on the reflected beam. Second, the use of an LCR as the external WP permits creating a fully programmable system, controlled from a computer, thus avoiding moving any element. Finally, we apply the condition number (CN) indicator [9] to determine the orientation and retardances of the LCR, which provide optimal accuracy of the polarimeter system, and we demonstrate that the LCR-based system provides polarimetric accuracy equivalent to that with the original system.
The outline of this paper is as follows: in Section 2, the birefringent polarization grating and its polarization splitting properties in a reflecting architecture are introduced, and a proof of concept is presented for its actuation as a beam polarimeter. Then, in Section 3, this basic system is made fully automatic by replacing the standard fixed WPs by a tunable LCR. The system is optimized to match the minimum CN in order to achieve the best accuracy. Section 4 presents experimental results as an imaging polarimeter. Finally, Section 5 presents the conclusions of this work.
Blazed Birefringent Grating
The blazed birefringent grating is a linear WP for which the ordinary phase shift is constant, but the extraordinary phase shift grows linearly following the blazed grating phase profile. This type of polarization grating can be generated on a PAL LC-SLM by simply addressing the display with a saw-tooth gray level image [13] . Then, it acts as a PBS: whereas the linear polarization component parallel to the ordinary axis remains unaffected, the linear polarization component parallel to the extraordinary axis becomes diffracted to the first diffraction order with 100% efficiency. Note that it is possible to control the angle of deflection by simply changing the period of the diffraction grating. Figure 1 shows the basic scheme of the polarimeter unit. A nonpolarizing BS is required to ensure normal incidence on the LCoS-SLM. A blazed diffraction grating is displayed on the SLM, thus acting as a PBS equivalent to that presented in Ref. [13] . However, the use of a reflective SLM allows producing a more compact polarimeter. Two beams are reflected back from the SLM, one with linear polarization parallel to the LC director and another with orthogonal linear polarization. These two reflected beams reach the BS. A converging lens is then placed on the path reflected from the BS. This lens focuses both beams in its back focal plane, generating two focalizations separated by a distance inversely proportional to the period of the grating displayed on the SLM. Note that this period can, therefore, be adjusted to the match size of the beam to be analyzed. Distances d 1 and d 2 (see Fig. 1 ) also are adjusted so d 1 d 2 f 0 , so there is an exact Fourier transform relation from the SLM plane to the CCD plane.
Note that the intensities of the two diffraction orders captured in the CCD are directly proportional to the square of the magnitude of the corresponding polarization components that are split by the grating displayed on the SLM. A WP can be inserted between the BS and the SLM, in order to change the polarization components of the incoming beam that are split, and in this way generate different PSDs required for polarimetric measurements. A full polarimetric analysis requires measurements with different PSDs that are not located in a plane on the Poincaré sphere [9] . Since the proposed architecture provides two orthogonal PSD measurements at a time (because of the two-beam split at the SLM birefringent grating), it is necessary to select at least three different configurations, which provide six different PSD analyzers.
Initially we selected to sequentially add a quarterwave plate (QWP) and a half-wave plate (HWP) to be able to measure the six classical SOPs employed in Mueller-Stokes polarimetry [14] , i.e., linear polarization components at 0°, 45°, 90°, and −45°(denoted as L0, L45, L90, and L-45, respectively), and circular R and L polarization components (denoted as RC and LC, respectively).
As the first proof of concept, we have developed a polarimeter that involves adding the QWP and HWP. In the absence of any WP, the LCoS-SLM grating splits the incoming beam into L0 and L90 components, which are, respectively, parallel and perpendicular to the orientation of the LC director of the LCoS-SLM. The insertion of the HWP oriented at 22.5°transforms the incoming L45 and L-45 polarization components onto L0 and L90, respectively. Therefore, the combined HWP-LCoS system effectively acts as a splitter of the L45 and L-45 linear components. Finally, the insertion of the QWP oriented at 45°transforms the QWP-LCoS system into an RC and LC polarization splitter. Therefore, the above-mentioned six classical polarization components required to achieve a complete polarimetric measurement can be obtained. The drawback, however, is that the WPs must be physically inserted into the system. Figure 2 shows the first set of experimental results. We used a PAL LCoS-SLM from Holoeye, model NIR II with 1920 × 1080 pixels and a pixel size of 8 μm × 8 μm, with a fill factor of 87%. The LC director was found to be oriented at 84°with respect to the vertical laboratory direction (this angle is, therefore, selected as the L0 polarization component). The system is illuminated with a He-Ne laser, from JDS Uniphase, model 1144P, at wavelength λ 632.8 nm. We used two birefringent polymer WPs from Meadowlarks, an HWP (model NHM-200-632.8) and a QWP (model NQM-200-632.8).
The figure shows 3D plots of the intensity recorded in the CCD plane. In Figs. 2(a)-2(c), the incident beam is selected to be L0 polarized. Therefore, the input polarization coincides with the LC director and the birefringent grating completely deflects the light onto the first diffraction order [ Fig. 2(a) ]. On the contrary, when the system is configured as an L45-L-45 splitter [ Fig. 2(b) ] or as an RC-LC splitter [ Fig. 2(c) ], two equally intense peaks are obtained corresponding to the 0 and 1 diffraction orders. The intensities of these peaks are half the intensity of the peak in Fig. 2  (a) , showing that the incoming L0 state splits with equal magnitude between these pairs of components.
Similar results appear in Figs. 2(d)-2(f), where now the input beam is selected to be L circularly polarized. In this case, the RC-LC splitter only shows one peak [ Fig. 2(f) ], which corresponds, in this case, to the zero diffracted order. On the contrary, when the system is configured to act as the L0-L90 and L45-L-45 splitters [Figs. 2(d) and 2(e), respectively], two equally intense peaks are produced.
Optimal Fully Programmable LCR-Based Polarimeter
These results show the usefulness of the proposed system to build a compact polarimeter. However, the requirement of physically changing the WPs limits its practical application and can be an important source of errors due to misalignments, additional reflections, etc. Therefore, we have considered a modification where an LCR is included in the system, to make it fully programmable. This device acts as a linear WP with a fixed orientation but variable retardance controlled with a computer. The LCR is a calibrated device from Meadowlark, model LRC-200 VIS [15] . In principle, two such LCR devices would be required to reproduce the polarimeter scheme in the previous section: one to act as the HWP and another to act as the QWP. However, as we show next, a single device is capable to produce an equivalent polarimeter, by properly selecting its orientation and retardance values.
CN has been revealed as an indicator that leads to polarimetry measurements with optimal accuracy and reduced error propagation [9] . 
which can be written compactly as
This relation can be inverted as
where A −1 is the inverse,Ã −1 A T A −1 A T is the pseudo-inverse, and A T is the transposed of matrix A. At least four linearly independent analyzers are required to completely determine the input Stokes parameters. Because our system provides two analyzers in each measurement, at least three measurements are required and then six analyzers are being applied. By choosing the different analyzers' matrix A, different polarimeters are built with different accuracy in the presence of measurement error. CN is the metric that permits comparing different polarimeters. This parameter is defined as [9] CNA σ max σ min ;
where σ max and σ min are, respectively, the maximum and minimum singular values different from zero of matrix A. Minimizing this parameter leads to the optimal system in terms of polarimeter measurements. For instance, the polarimeter system described in Section 2 is composed of six different analyzers, which project onto SOPs L0, L90, L45, L-45, RC, and LC. Therefore, the analyzer matrix for this polarimeter is given by
Here sub-index "m" refers to the fact that the WP elements must be inserted manually into this system.
The related condition number is CN 1.7321, which is the lowest value that can be obtained [9] . The same procedure has been applied to the LCRbased system. Here, two parameters must be determined: LCR orientation, which is a fixed value, and LCR retardance, which is a tunable parameter. The minimum CN result is obtained with an orientation of 27.4°and retardances of 0°, 120°, and 240°, leading again to CN 1.7321, i.e., the same optimal value as in the case presented in Section 2. The corresponding matrix A is given by
Therefore, the fully programmable system incorporating the LCR can achieve a CN equivalent to that of the optimal system in Section 2. Thus, this LCRbased polarimeter provides polarimetric results with equivalent accuracy. The reason is that the six analyzers selected for both polarimeters provide, except a rotation, an equivalent geometrical figure. This is visualized in Fig. 3 , where the analyzers for both polarimeters are visualized in the Poincaré sphere. In both cases, these SOPs define an octahedron, thus providing the same volume, which is directly related to the obtained equivalent CN value [9] . In the following section, we present the experimental results for both systems.
Experimental Imaging Polarimeter
For this experiment, the system is now modified to become an imaging polarimeter. This is achieved by simply moving the converging lens slightly, so that the CCD plane is conjugated to a transverse plane located before the BS in Fig. 1 . A circular aperture is placed in this plane.
A. Calibration
When building an experimental polarimeter, different sources of error might affect the results, including the nonideal behavior of some optical elements, possible misalignments, etc. In order to take them into account, the experimental matrix A is calibrated by launching several well-defined input SOPs to the polarimeter and measuring the corresponding irradiances. We used the six standard SOPs 
These input SOPs are analyzed with the different analyzers A i and the corresponding irradiances are measured. Then the analyzer matrix elements are given by
Figures 4 and 5 show the experimental results for this procedure, for the two polarimetric systems considered here: the initial system in Section 2 and the fully programmable system in Section 3. In this calibration process, the input beam is selected uniformly polarized in the six SOPs defined in Eq. (7). Each figure presents a set of 18 images. For each of the six input SOPs in Eq. (7), three images are captured, corresponding to the three polarimeter configurations. Each CCD capture contains two images of the circular aperture, which is selected as the input scene. These two images correspond to the two beams generated by the LCoS-SLM. The irradiance of these images depends on the input SOP illuminating the aperture and the selected configuration of the polarimeter. Therefore, the two images in the final plane should be a uniform disk. However, some interference effects can be present in the images, originating from reflections at the LCoS-SLM, as well as some diffraction at the circular aperture.
In all cases, the two images of the circular aperture in each of the CCD camera captures are extracted and aligned digitally, in order to make the required operations. With the data in Figs. 4 and 5, we have calculated the matrices corresponding to the analyzers' matrix A for both experimental polarimeters. The values are averaged over the complete circular aperture in order to compute these experimental analyzers, and the resulting SOPs are represented in the Poincaré sphere in Figs. 4(b) and 5(b) .
For the manual polarimeter system, the resulting matrix A is given by 
Therefore, we can see that both experimental systems provide slightly higher CN values compared with the theoretical ones, and they both show similar values of the variance of the analyzer matrix elements. The LCR-based system provides a worse CN value than the system based on alternating WPs. We attribute this effect to the better WP quality of the polymer WPs in comparison with the LCR WP, which presents a small variation of the retardance over its aperture, as pointed out in [15] .
B. Comparison of Performance with a Predefined SOP
Once both experimental polarimeters have been calibrated, we have applied them to measure a beam with a uniform linear SOP oriented at 30°. The experimental measurements are provided in Figs. 6 and 7.
In Fig. 6 , the results are obtained with the first system, presented in Section 2. Figure 6 (a) shows the three CCD captures corresponding to the three configurations of the polarimeter (without WP, with the HWP, and with the QWP), each showing the two images of the circular aperture. Again, because the system is acting as an imaging polarimeter, we can evaluate the polarimetric measurement over the entire circular aperture. Figures 6(b) , 6(c), and 6(d) show, respectively, the histogram of the results obtained for the degree of polarization (DOP), ellipticity, and azimuth angles (expressed in degrees), calculated over all pixels of the complete image of the circular aperture. From these histograms, it can be seen that the polarimeter is providing a correct result, a linear polarization state oriented at 30°, with a small spatial variation. In order to see these variations clearly, a fixed small portion of the DOP, ellipticity, and azimuth images is presented in Figs. 6 (e), 6(f), and 6(g), respectively, where the gray levels of the images present the values normalized to the corresponding minimum (zero gray level) and maximum (255 gray level) value over the circular aperture. Figure 7 shows the equivalent results, but obtained with the LCR-based fully programmable polarimeter in Section 3. The results are similar to those presented in Fig. 6 . The polarimetric images in Figs. 7(e)-7(g) show more variations than the equivalent Figs. 6(e)-6(g). We attribute this to the small spatial variations of LCR retardance described in [15] . Table 1 gives the mean values averaged over the full image for the measured Stokes parameters, DOP, and azimuth and ellipticity angles. We see that both polarimeters provide very similar results, and close to the theoretical ones, thus verifying that the programmable polarimeter is able to achieve equivalent accuracy.
Conclusions
In summary, we have developed a novel polarimetric architecture based on the use of a birefringent polarization grating displayed onto an LCoS-SLM. The optical system, therefore, is compact and also flexible. The grating period can be changed with a computer to match the size of the beam and the phase depth can also be adapted to match the operating wavelength. We have presented the first proof of concept acting as a beam polarimeter and a Fourier transform architecture, and using two external fixed-retardance WPs. Then we have compared the performance with a fully programmable polarimeter that incorporates one single LCR. We have optimized this system on the basis of the best CN indicator, in order to select the LCR orientation and retardance values, and we have demonstrated that it provides equivalent accuracy. Experimental results have been presented, where the system is adapted to act as an imaging polarimeter. ig. 7. Experimental results for the LCR-based programmable imaging polarimeter for a test beam with L30 SOP: (a) three direct CCD captures; histograms over the entire circular aperture of: (b) DOP, (c) ellipticity, and (d) azimuth. Panels (e), (f), and (g) show, respectively, the corresponding DOP, ellipticity, and azimuth images for a fixed small portion of the circular aperture.
